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2
$n+1$ $+$ 1 $\langle,$ $\rangle$ $(-, +, \ldots, +)$
$x=(x_{0}, x_{1}, \ldots, x_{n}),$ $y=(y_{0}, y_{1}, \ldots, y_{n})\in \mathbb{R}^{n+1}$
$\langle x,$ $y\}=-x_{0}y_{0}+X_{1y_{1}}+\cdots+x_{n}y_{n}$ $\mathbb{R}_{1}^{n+1}=(\mathbb{R}^{n+1}, \langle, \rangle)$
$n+1$ $||x||:=\sqrt{|\langle x,x\rangle|}$




$H^{n}(-1):=\{x\in \mathbb{R}_{1}^{n+1}|\langle x,$ $x\}=-1\}$
$n$
$\grave$ . (de-Sitter space)
$S_{1}^{n}:=\{x\in \mathbb{R}_{1}^{n+1}|\langle x,$ $x\rangle=1\}$
$n$ (light cone)
$LC^{*}:=\{x\in \mathbb{R}_{1}^{n+1}\backslash \{0\}|\langle x, x\rangle=0\}$
$7?=2$




Hn(-l) $=$ H$+$n(-l) $\cup$ H-n(-l)
$LC^{*}=LC_{+}^{*}ULC_{-}^{*}$
$n\in \mathbb{R}_{1}^{n+1}$
$HP(n, c):=\{x\in \mathbb{R}_{1}^{n+1}|\{x, n)=0\}$
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$a_{1\}}\ldots,$ $a_{n}\in \mathbb{R}^{n+1}$
$-e_{0}$ $e_{1}$ . . . $e_{n}$
$a_{1}^{0}$ $a_{1}^{1}$ . . . $a_{1}^{n}$
$a_{1}\wedge\cdots\wedge a_{n}:=$
: :
$a_{n}^{0}$ $a_{n}^{1}$ . . . $a_{n}^{n}$






[2, 37, 58, 59] )
$(N, K)$ $2n+1$ $N$ $N$ $K$




$(x_{1}, \ldots,x_{n}, y,p_{1}, \ldots,p_{n})$ $K=\{\alpha=0\},$ $\alpha=dy-\sum_{i=1}^{n}p_{i}dx_{i}$
$(N,K)$ $(N’,K^{l})$ $\phi$ : $(N,K)arrow(N_{t}^{f}K’)$
$d\phi(K)=K’$ $($ 1 $\phi^{*}\alpha’=\lambda\alpha,$ $\lambda\neq 0)$
$i:L\subset N$ $(N,K)$







(1) $(a)$ $H^{n}(-1)\cross S_{1}^{n}\supset\triangle_{1}=\{(v, w)|\{v, w\}=0\}$ ,
$(b)$ $\pi_{11}:\triangle_{1}arrow H^{n}(-1),$ $\pi_{12}:\triangle_{1}arrow S_{1}^{n}$ ,
$(c)$ $\theta_{11}=\{dv,$ $w\rangle|_{\Delta_{1}},$ $\theta_{12}=\langle v,$ $dw\rangle|_{\Delta_{1}}$ .
(2) $(a)$ $H^{n}(-1)\cross LC^{*}\supset\triangle_{2}=\{(v, w)|\langle v, w\rangle=-1\}$ ,
$(b)$ $\pi_{21}:\triangle_{2}arrow H^{n}(-1),$ $\pi_{22}:\triangle_{2}arrow LC^{*}$ ,
$(c)$ $\theta_{21}=\langle dv,$ $w\rangle|_{\Delta_{2}},$ $\theta_{22}=\langle v,$ $dw\}|_{\Delta_{2}}$ .
(3) $(a)$ $LC^{*}\cross S_{1}^{n}\supset\triangle_{3}=\{(v,$ $w)|\{v,$ $w\rangle=1\}$ ,
$(b)$ $\pi_{31}:\triangle_{3}arrow LC^{*},$ $\pi_{32}:\Delta_{3}arrow S_{1}^{n}$ ,
$(c)$ $\theta_{31}=\langle dv,$ $w\rangle|_{\Delta_{3}},$ $\theta_{13}=\langle v,$ $dw\}|_{\Delta_{3}}$ .
(4) $(a)$ $LC^{*}\cross LC^{*}\supset\triangle_{4}=\{(v, w)|\{v, w\rangle=-2\}$ ,
$(b)$ $\pi_{41}:\triangle_{4}arrow LC^{*},$ $\pi_{42}:\Delta_{4}arrow LC^{*}$ ,
$(c)$ $\theta_{41}=\langle dv,$ $w\}|_{\triangle_{4}},$ $\theta_{42}=\langle v,$ $dw\rangle|_{\triangle_{4}}$ .
$\pi_{i1}(v, w)=v,$ $\pi_{i2}(v, w)=w(i=1,2,3,4),$ $\langle dv,$ $w\}=$
$-uf0^{dv_{0}}+ \sum_{i=1}^{n}w_{i}dv_{i},$ $\{v,dw\rangle=-v_{0}dw_{0}+\sum_{i=1}^{n}v_{i}dw_{i}$
$\theta_{i1}^{-1}(0)$ $\theta_{i2}^{-1}(0)$ $K_{i}$
3.1 ([26, 14]) $(\triangle_{i},K_{i}),$ $(i=1,2,3,4)$ $\pi_{ij},$ $(j=$
$1,2)$
$\Phi_{12}:\triangle_{1}arrow\triangle_{2},$ $\Phi_{12}(v, w)=(v, v-w)$
$\Phi_{13}:\triangle_{1}arrow\triangle_{3},$ $\Phi_{13}(v, w)=(v+w, w)$
$\Phi_{14}:\triangle_{1}arrow\triangle_{4},$ $\Phi_{14}(v, w)=(v+w, v-w)$
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$U\subset \mathbb{R}^{n-1}$ $x^{h}$ : $Uarrow H^{n}(-1)$
$x^{h}(U)=M$
$x^{d}(u)= \frac{x^{h}(u)\wedge x_{u_{1}}^{h}(u)\wedge\cdots\wedge x_{u_{n- 1}}^{h}(u)}{||x^{h}(u)\wedge x_{u_{1}}^{h}(u)\wedge\cdots\wedge x_{u_{n-1}}^{h}(u)||}\in S_{1}^{n}$
$x_{u_{i}}^{h}(u)=(\partial x^{h}/\partial u_{i})(u)$
$x^{d}$ : $Uarrow S_{1}^{n},$ $u\mapsto x^{d}(u)$
$x_{\pm}^{f}:Uarrow LC^{*},$ $u\mapsto x_{\pm}^{\ell}(u)=$
$x^{h}(u)\pm x^{d}(u)$
2 $S_{p}^{d}=-dx^{d}$ : $\tau_{p}x_{I}^{t},arrow T_{p}M,$ $S_{\pm}^{l}=$
$-dx_{\pm}^{\ell}:T_{p}Marrow T_{p}M$ ( )
$\kappa^{d}(p),$ $\kappa_{\pm}^{\ell}(p)$ $\kappa_{\pm}^{\ell}(p)=-1\pm\kappa^{d}(p)$
$*$ .
$It_{d}’(u_{0})=\det S^{d}(p),$ $H_{d}(u_{0})= \frac{1}{2}$Trace $S^{d}(p)$ ,
$A_{l^{\pm}}^{r}(u_{0})=\det S_{\pm}^{\ell}(p),$ $H_{\ell}^{\pm}(u_{0})= \frac{1}{2}$Trace $S_{\pm}^{\ell}(p)$




4.1 ([31]) $J/1=x^{h}(U)\subset H^{n}(-1)$
$\kappa_{\pm}^{\ell}(p)$ $\kappa_{\pm}^{\ell}$
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$(a)(\kappa_{\pm}^{p})^{2}+2\kappa_{\pm}^{p}>0$ $\Lambda I$ $HH(n, c)$
$\backslash$
$n= \frac{1}{\sqrt{(\kappa_{\pm}^{\ell})^{2}+2\kappa_{\pm}^{\ell}}}(\kappa_{\pm}^{\ell}x^{h}(u)+x_{\pm}^{f}(u))\in H^{n}(-1),$ $c= \frac{-\kappa_{\pm}^{\ell}-1}{\sqrt{(\kappa_{\pm}^{p})^{2}+2\kappa_{\pm}^{\ell}}}$ .
$(b)(\kappa_{\pm}^{\ell})^{2}+2\kappa_{\pm}^{\ell}=0$ $M$ $HH(n, c)$
$n=\kappa_{\pm}^{\ell}x^{h}(u)+x_{\pm}^{l}(u),$ $c=-\kappa_{\pm}^{\ell}-1$ .
$(c)(\kappa_{\pm}^{\ell})^{2}+2\kappa_{\pm}^{\ell}<0$ $M$ $HH(n,c)$







$HS(n, c):=HP(n, c)\cap S_{1}^{n}$
$n$ 2 (hyper-
bolic hyperquadric) 2 (parabolic hyperquadric)
2 (elliptic hyperquadric)
$L^{T}\subset \mathbb{R}^{n-1}$
$x^{d}$ : $Uarrow S_{1}^{n}$ 5 xud
$x^{d}(U)=\Lambda l$





$x^{h}$ : $Uarrow H^{n}(-1),$ $u\mapsto x^{h}(u)$
2
$x_{\pm}^{\ell}:Uarrow LC_{\backslash ,\prime}^{*}u\mapsto x_{\pm}^{\ell}(u)=x^{h}(u)\pm x^{d}(u)$
2 2
$S_{p}^{h}=-dx^{h}$ : $T_{p}\lambda/Iarrow T_{p}\mathbb{J}/I,$ $S_{\pm}^{\ell}=-dx_{\pm}^{l}:T_{p}Marrow T_{p}\Lambda f$
( ) $\kappa^{h}(p),$ $\kappa_{\pm}^{\ell}(p)$
$\kappa_{\pm}^{l}(p)=\kappa^{h}(p)\mp 1$
$K_{h}(u_{0})=\det S^{h}(p),$ $H_{h}(u_{0})= \frac{1}{2}$Tkace $S^{h}(p)$ ,
$K_{\ell}^{\pm}(u_{0})=\det S_{\pm}^{l}(p),$ $H_{\ell}^{\pm}(u_{0})= \frac{1}{2}$ Trace $S_{\pm}^{\ell}(p)$




5.1 ([37]) $M=x^{d}(U)\subset S_{1}^{n}$
$\kappa_{\pm}^{\ell}(p)$ $\kappa_{\pm}^{\ell}$
$(a)(\kappa_{\pm}^{\ell})^{2}\pm 2\kappa_{\pm}^{p}>0$ $\Lambda/I$ 2 $HS(n,$ $c)$
$n= \frac{1}{\sqrt{(\kappa_{\pm}^{\ell})^{2}\pm 2\kappa_{\pm}^{\ell}}}(\kappa_{\pm}^{\ell}x^{d}(u)+x_{\pm}^{\ell}(u))\in S_{1}^{n},$ $c= \frac{\kappa_{\pm}^{\ell}\pm 1}{\sqrt{(\kappa_{\pm}^{\ell})^{2}\pm 2\kappa_{\pm}^{\ell}}}$ .
$(b)(\kappa_{\pm}^{\ell})^{2}\pm 2\kappa_{\pm}^{\ell}=0$ $M$ 2 $HS(n, c)$
$n=\kappa_{\pm}^{l}x^{d}(u)+x_{\pm}^{l}(u)\in LC^{*},$ $c=\kappa_{\pm}^{\ell}\pm 1$
$(c)(\kappa_{\pm}^{\ell})^{2}\pm 2\kappa_{\pm}^{\ell}<0$ $\Lambda\prime I$ 2 $HS(n, c)$













$x_{+}^{\ell}:Uarrow LC^{*}$ 7 $(x_{+}^{\ell})_{u_{i}}$
(2), (3), (4)
$x^{h}:Uarrow H^{n}(-1)_{:}x^{d}:Uarrow S_{1}^{n},$ $x_{-}^{\ell}:Uarrow LC^{*}$
$x_{+}^{\ell}$ $\triangle_{2},$ $\triangle_{3},$ $\Delta_{4}$
$x_{+}^{\ell}(U)=M$
$U$ $\lambda I$
3 $S_{p}^{h}=-dx^{h}$ : $T_{p}Marrow T_{p}\Lambda I,$ $S_{p}^{d}=-dx^{d}$ : $T_{p}Marrow$
$T_{p}\Lambda I,$ $S^{p}=-dx_{-}^{\ell}:T_{p}Marrow T_{p}M$ (
) $\kappa^{h}(p),$ $\kappa^{d}(p),$ $\kappa^{\ell}(p)$
$\kappa^{h}(p)=\frac{\kappa^{\ell}(p)-1}{2},$ $\kappa^{d}(p)=\frac{-\kappa^{l}(p)-1}{2}$
$K_{h}(u_{0})=\det S^{h}(p),$ $H_{h}(u_{0})= \frac{1}{2}$TYace $S^{h}(p)$ ,
$*$




$A_{l}^{r}(u_{0})=\det S^{\ell}(p),$ $H_{\ell}(u_{0})= \frac{]}{2}$Trace $S^{p}(p)$




6.1 ([26, 37]) $M=x_{+}^{\ell}(U)\subset LC^{*}$
$\kappa^{\ell}(p)$
$(a)\kappa^{\ell}<0$ $M$ 2 $HL(n, c)$
$n= \frac{-1}{2\sqrt{-\kappa^{l}}}(\kappa^{p}x_{+}^{\ell}(u)+x_{-}^{\ell}(u))\in S_{1}^{n},$ $c= \frac{1}{\sqrt{-\kappa^{\ell}}}$ .
$(b)\kappa^{p}=0$ $M$ 2 $HL(n, c)$
$n=x_{-}^{\ell}(u)\in LC^{*},$ $c=-2$
$(c)\kappa^{l}>0$ $M$ 2 $HL(n, c)$
$n= \frac{1}{2\sqrt{\kappa^{\ell}}}(\kappa^{\ell}x_{+}^{\ell}(u)+x_{-}^{p}(\cdot u))\in H^{n}(-1),$ $c=- \frac{1}{\sqrt{\kappa^{\ell}}}$ .
7 2
$n=2$ 2 $H^{2}(-1)$
$H_{+}^{2}(-1)=\{x\in \mathbb{P}_{1}^{3}1|\{x, x\}=-1, x_{0}\geq 1\}$
$x^{h}$ : $Uarrow H_{+}^{2}(-1)$
$\gamma$ : $Iarrow H_{+}^{2}(-1)$ $\gamma$
$t(t)=\gamma’(t)=1$ $x^{d}$ : $Uarrow S_{1}^{2}$ $e$ : $Iarrow S_{1}^{2}$













$H$ : $I\cross H_{+}^{2}(-1)arrow$ $H(t)=\{\gamma(t)+t(t),$ $v\rangle+1$
8 $\kappa_{g}$
1 $\gamma$ : $Iarrow H_{+}^{2}(-1),$ $a_{1},$ $a_{2}$ : $Iarrow S_{1}^{2}$
$\mathbb{R}_{1}^{3}$ $\{\gamma, a_{1}, a_{2}\}$
$F_{()} \gamma,a_{1},a2(s, t)=\gamma(t)+sa_{1}(t)+\frac{s^{2}}{2}(\gamma(t)+a_{2}(t))$






1 $x^{h}$ : $Uarrow H_{+}^{3}(-1)$
$\kappa^{d}(u, v)’.(u_{7}v)\in U$
$HE^{\pm}(u_{:}v)= \pm\frac{1}{\sqrt{(\kappa^{d}(u,v))^{2}-1}}(\kappa^{d}(u, v)x^{h}(u, v)+x^{d}(u, v))$
$(\kappa^{d}(u, v))^{2}>1$
cuspidal edge, swallowtail, pyramid, purse
[33]
$x_{\pm}^{\ell}$
$[$ 10, 26, $35]_{\text{ }}$
$\tilde{x_{\pm}^{\ell}}:Uarrow S_{+}^{2},$ $u\mapsto\overline{x_{\pm}^{\ell}(u)}$
$x=(x_{0}, x_{1}, x_{2}, x_{3})\in LC_{+}^{*}$
$\tilde{x}=(1,$ $\frac{x_{1}}{x_{0}},$ $\frac{x_{2}}{x_{0}},$ $\frac{x_{3}}{x_{0}})\in S_{+}^{2}=\{x=(x_{0}, x_{1}, x_{2}, x_{3})\in LC_{+}^{*}’|x_{0}=1\}$
$\tilde{x_{\pm}^{\ell}}$
$T_{p}\lambda’Iarrow$







8.1 ([36]) $K_{\ell}^{\pm}=1\mp 2H_{d}+K_{d}=2\mp 2H+K_{I}$
$I\dot{s}_{I}^{r}$ 9
$+$
$M=x(U)$ (horo-flat surface) $\tilde{K}_{\ell}(u)\equiv 0$
$K_{\ell}(u)\equiv 0$ linear
Weingarten surface of non-Bryant type [9, 18] $(a=$
$1,$ $b=-1)$ ( )
$aK_{I}+b(2H-2)=0,$ $(a, b)\neq(0,0)$ linear
Weingarten surface $a+b\neq 0$ Bryant type
- $A\mathfrak{h}.I=x(U)$ horocyclic surface 1
$\gamma$ : $Iarrow H_{+}^{3}(-1),$ $a_{i}$ : $Iarrow S_{1}^{3},$ $(i=1,2,3)$







$c_{1}(t)=\langle\gamma’(t),$ $a_{1}(t)\rangle$ , $c_{4}(t)=\langle a_{1}^{f}(t),$ $a_{2}(t)\rangle$ ,
$c_{2}(t)=\langle\gamma’(t),$ $a_{2}(t)\rangle$ , $c_{5}(t)=\langle a_{1}’(t),$ $a_{3}(t)\rangle$ ,
$c_{3}(t)=\langle\gamma’(t),$ $a_{3}(t)\rangle$ , $c_{6}(t)=\{a_{2}’(t),$ $a_{3}(t)\rangle$
$\{\begin{array}{ll}\gamma^{f}(t) =c_{1}(\text{ })a_{1} (\text{ } )+C2 (t)a_{2}(t)+c_{3}(t)a_{3}(t)a_{1}’(t) =c_{1} (\text{ } )\gamma (\text{ } )+C4 (\text{ } )a2 (t)+c_{5}(t)a_{3}(t)a_{2}’(t) =c_{2} (\text{ } )\gamma (\text{ } ) -c_{4}(t)a_{1}(t)+c_{6}(t)a_{3}(t)a_{3}’(t) =c_{3}(t)\gamma(t)-c_{5}(t)a_{1}(t)-c_{6}(t)a_{2}(t)\end{array}$
$9K_{d}=Ki+1$
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$C(t)=(\begin{array}{llll}0 c_{l}(+ c_{2}(t) c_{3}(t)c_{1}(t) 0 c_{4}(t) c_{5}(t)c_{2}(t) -c_{4}(t) 0 c_{6}(t)c_{a}(t) -c_{5}(t) -c_{6}(t) 0\end{array})\in\epsilon o(3,1)$
$c_{i}(t)$ $C(t)$ horocyclic surface
so(3, 1) $SO_{0}(3,1)$
8.2 ([36]) ( ) horo-
cyclic surface $F_{(\gamma,a1_{\dot{4}}a_{2})(s,t)}$ $\ell(t)$
$\ell(t)$ horocyclic surface $F_{(\gamma,a_{1},a2)}$
$l(t)$ $c_{2}=c_{1}-c_{4}=0$








horo-flat tangent horocyclic surface
$c_{3}=0$ $c_{2}=c_{1}-c_{4}=c_{3}=0$
8.4 ([36]) horo-flat tangent horocyclic surface $F_{(\gamma,a_{1},a_{2})}(\mathbb{R}\cross$
$I)$ cuspidal $edge$ $swallowtail$ cuspidal cross cap cus-
pidal beaks generating horocycle
:
(1) 2 cuspidal edge
(2) 2 1 cuspidal edge 1 swallowtad
(3) 1 cuspidal cross cap
(4) 1 cuspidal beaks
cuspidal edge CE $=\{(x, y, z)|x^{2}=y^{3}\}$ , swallowtail $F$ $SW=$
$\{(x, y, z)|x=3u^{4}+u^{2}v, y=4u^{3}+2uv, z=v\}$ , cuspidal cross cap es
$CCR=\{(x, y, z)|x=u, y=ut)Z3,=v^{2}\}$ cuspidal beaks VS $CBK=$
$\{(x, y, z)|x=v, y=-2u^{3}+uv^{2}, z=3u^{4}-u^{2}v^{2}\}$
48
swallowtail
cuspidal cross cap cuspidal beaks
cuspidal
edge, swallowtail, cuspidal cross cap [15, 23,
44, $45]_{0}$ horo-flat tangent horocyclic surface
8.5 ([36]) horocyclic surface $F_{()}’\gamma_{\dot{J}}’a_{1}.a2(\mathbb{R}\cross I)$
cross cap
cross cap $CR=\{(x,$ $y^{\sim}\{<l)|x=u^{2}, y=v, z=uv\}$
cross cap
49
ruled surface cross cap
[38] horocyclic surface
9
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